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ABSTRACT
In this paper we discuss thermodynamics of apparent horizon of an n-dimensional
Friedmann-Robertson-Walker (FRW) universe embedded in an (n+1)-dimensional AdS
spacetime. By using the method of unified first law, we give the explicit entropy expres-
sion of the apparent horizon of the FRW universe. In the large horizon radius limit, this
entropy reduces to the n-dimensional area formula, while in the small horizon radius
limit, it obeys the (n+1)-dimensional area formula. We also discuss the corresponding
bulk geometry and study the apparent horizon extended into the bulk. We calculate the
entropy of this apparent horizon by using the area formula of the (n + 1)-dimensional
bulk. It turns out that both methods give the same result for the apparent horizon en-
tropy. In addition, we show that the Friedmann equation on the brane can be rewritten
to a form of the first law, dE = TdS +WdV , at the apparent horizon.
1Email address: cairg@itp.ac.cn
2Email address: caolm@itp.ac.cn
1 Introduction
Thermodynamics of black hole has been studied for a long time. However, most discussions of black
hole thermodynamics have been focused on the stationary case. For dynamical (i.e., non-stationary)
spherically symmetric black holes, Hayward has proposed a method to deal with thermodynamics
associated with trapping horizon of a dynamical black hole in 4-dimensional Einstein theory [1, 2,
3, 4]. In this method, for spherical symmetric space-times, ds2 = hαβdx
αdxβ + r2dΩ22, Einstein
equations can be rewritten in a form called “unified first law”
dE = AΨ+WdV , (1)
where E is the so-called Misner-Sharp energy [5], defined by E = r2G(1− hαβ∂αr∂βr); A = 4πr2 is
the sphere area with radius r and V = 4πr3/3 is the volume; and the work densityW ≡ −12Tαβhαβ
and the energy supply vector Ψα ≡ T βα ∂βr +W∂αr with Tαβ being the energy-momentum tensor
of matter in the spacetime. Projecting this unified first law along a trapping horizon, one gets the
first law of thermodynamics for dynamical black hole
〈dE, ξ〉 = κ
8πG
〈dA, ξ〉 +W 〈dV, ξ〉 , (2)
where κ is surface gravity, defined by κ = 1
2
√
−h∂α(
√−hhαβ∂βr), on the apparent horizon, ξ is a
projecting vector. In a recent paper [6], we have applied this theory to study the thermodynamics of
apparent horizon of a FRW universe in higher dimensional Einstein gravity and some non-Einstein
theories, such as Lovelock gravity and scalar-tensor gravity by rewriting gravity field equations to
standard Einstein equations with a total energy-momentum tensor. The total energy momentum
tensor consists of two parts: one is just the ordinary matter energy-momentum tensor; and the
other is an effective one coming from the contribution of the higher derivative terms (for example,
in Lovelock gravity) and scalar field (for example, in scalar-tensor gravity theory). The total
energy-momentum tensor will enter into the energy-supply Ψ and work term W in (1). Therefore,
the work density and energy-supply vector in (1) also can be decomposed into ordinary matter
part and effective part: Ψ =
m
Ψ +
e
Ψ, W =
m
W +
e
W . That is,
m
Ψ and
m
W are the energy-supply
vector and work density from the ordinary matter contribution, while
e
Ψ and
e
W comes from the
effective energy-momentum tensor. The matter part of energy-supply is the energy flux defined by
pure ordinary matter, so its integration on the sphere (after projecting along the apparent horizon)
naturally defines the heat flow δQ in the Clausius relation δQ = TdS. On the other hand, the
unified first law tells us
δQ = 〈A mΨ, ξ〉 = κ
8πG
〈dA, ξ〉 − 〈A eΨ, ξ〉 . (3)
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The right hand side of the above equation should be written in the form of TδS by considering
spacetime horizon with T = κ/2π as an equilibrium thermodynamic system. Thus we find a method
to get the entropy S of the apparent horizon because the right hand side of the above equation is
easy to calculate. What one needs to do is to put the right hand side of the above equation into a
form of total differential projecting along ξ. This total differential gives the variation of the horizon
entropy S. By using this method we have indeed given the entropy expression not only in the
Einstein gravity, but also in the Lovelock gravity. The resulting expression of the apparent horizon
entropy is the same as the one for black hole horizon in each theory. For related discussions on
the thermodynamics of apparent horizon in the FRW universe, see [7]-[14]. In the setup of static,
spherically symmetric black hole spacetimes, there are also some discussions on the relation between
the field equations at the black hole horizon and the first law of thermodynamics [15, 16, 14]. For
the Rindler causal horizon, related discussions see [17, 18].
It is interesting to apply this method developed in [6] to study the entropy of the apparent
horizon of a FRW universe in the brane world scenario. This is partially because the gravity on the
brane is not the Einstein theory, the well-known area formula for black hole horizon entropy must
not hold in this case, and partially because exact analytic black hole solutions on the brane have
not been found so far, and then it is not known how the horizon entropy of black hole on the brane
is determined by the horizon geometry. On the other hand, the exact Friedmann equations of the
FRW universe on the brane have been derived for the RSII model some years ago [19]. Therefore
with the entropy expression of the apparent horizon by using the Friedmann equations, our method
can give some clues to study the thermodynamics of the black holes on the brane. In this paper,
we are indeed able to give the explicit entropy expression of the apparent horizon of FRW universe
in the RSII brane world scenario.
Brane world scenario, based on the assumption that our universe is a 3-brane embedded in a
higher dimensional bulk space-time, has been intensively studied over past years [20, 21, 22]. In the
scenario, the standard model fields are confined on the brane, while gravity can propagates in the
whole spacetime. The effective gravity on the brane is different from the standard Einstein gravity
due to the existence of extra dimension. In this paper we focus on the so-called RSII model [22].
The effective equations of motion on the 3-brane living in 5-dimensional bulk with Z2 symmetry
have been given in [23]
(4)Gµν = −Λ4qµν + 8πG4τµν + κ45 πµν − Eµν , (4)
where
G4 =
1
48π
λκ45 , (5)
2
Λ4 =
1
2
κ25
(
Λ5 +
1
6
κ25 λ
2
)
, (6)
πµν = −1
4
τµατ
α
ν +
1
12
ττµν +
1
8
qµνταβτ
αβ − 1
24
qµντ
2 , (7)
and Eµν is the electric part of the 5-dimensional Weyl tensor. Here λ and τµν are the vacuum
energy and energy-momentum tensor of matter on the brane, while κ5 and Λ5 are 5-dimensional
gravity coupling constant and cosmological constant, respectively. Λ4 is the effective cosmological
constant on the brane. Therefore it can be seen from the right hand side of (4) that except for
the energy-momentum tensor of matter τµν , there exist two additional terms πµν and Eµν . This
implies that these two terms can be regarded as effective energy-momentum tensors, which can not
enter the definition of δQ in the Clausius relation as mentioned above. If the bulk is a pure AdS
space-time, then Eµν vanishes, and πµν is the only effective energy-momentum tensor. Thus, we can
use our method to obtain the entropy expression of apparent horizon in the FRW universe on the
brane. We expect that this entropy expression should reveal some properties of the horizon entropy
of brane world black hole. Indeed our result is consistent with the one in reference [24], where the
authors give a horizon entropy of an n-dimensional black hole on a brane, which is embedded in an
(n+ 1)-dimensional bulk, in the limit of large horizon radius.
The apparent horizon of FRW universe on the brane will extend into the bulk (AdS space-
time) with a finite distance. The total area of this apparent horizon which extends into the bulk
can be directly calculated from the bulk geometry. Since the gravity in the bulk is the Einstein’s
general relativity, the well-known area formula of horizon entropy holds. Therefore, from the higher
dimensional area formula of entropy we can get an entropy of this apparent horizon. We find that
the horizon entropy, according to the area formula in the bulk, is completely the same as the one
obtained by using the unified first law on the brane.
The paper is organized as follows. In Sec. 2, we give the effective equations of motion on the
(n−1)-brane embedded in an (n+1)-dimensional bulk with Z2 symmetry by generalizing the result
of [23]. In Sec. 3, we consider a FRW universe on the brane, and calculate the entropy of apparent
horizon by use of the unified first law. In Sec. 4, we study the bulk geometry and the apparent
horizon extended into the bulk. By calculating the area of this apparent horizon extended into the
bulk, we get the same entropy from the (n + 1)-dimensional area formula as the one obtained in
Sec. 3. We end this paper with conclusion in Sec. 5.
3
2 Effective equations of motion on the brane
In the brane world scenario, the n-dimensional world is described by an (n− 1)-brane (M , qµν) in
an (n+1)-dimensional spacetime (V , gµν). We denote the vector unit normal to M by n
α and the
induced metric on M by qµν = gµν − nµnν (we use the notations in [23]). Then from the Gauss
equation
(n)Rαβγδ =
(n+1)Rµνρσq
α
µ q
ν
β q
ρ
γ q
σ
δ +K
α
γKβδ −KαδKβγ , (8)
and (n+ 1)-dimensional Einstein equations
(n+1)Rαβ − 1
2
gαβ
(n+1)R = κ2n+1 Tαβ , (9)
where Tαβ is the (n + 1)-dimensional energy-momentum tensor in the bulk, together with the
relation of Weyl tensor and Riemann tensor, we obtain the n-dimensional equations on the brane
(n)Gµν =
n− 2
n− 1κ
2
n+1
(
Tρσq
ρ
µ q
σ
ν +
(
Tρσn
ρnσ − 1
n
T ρρ
)
qµν
)
+KKµν −K σµ Kνσ −
1
2
qµν
(
K2 −KαβKαβ
)
− Eµν , (10)
where
Eµν ≡ (n+1)Cαβρσnαnρq βµ q σν . (11)
is the electric part of bulk Weyl tensor. We choose a local Gauss normal coordinate χ such that
the hypersurface χ = 0 coincides with the brane world and nµdx
µ = dχ. Assume that the bulk has
only a cosmological constant Λn+1, the (n+1)-dimensional energy-momentum tensor then has the
form
Tµν = −Λn+1gµν + Sµνδ(χ), (12)
where
Sµν = −λqµν + τµν , (13)
with τµνn
ν = 0, λ and τµν are the brane tension and the energy-momentum tensor of matter on the
(n−1)-brane. The singular behavior in the energy-momentum tensor can be attributed to extrinsic
curvature from the so-called Israel’s junction condition
[qµν ] = 0 , (14)
[Kµν ] = −κ2n+1
(
Sµν − 1
n− 1qµνS
)
, (15)
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where [X] := limχ→+0X − limχ→−0X = X+ −X−.
After imposing the Z2-symmetry on the bulk spacetime, the extrinsic curvature of the brane
can be expressed in terms of the energy momentum tensor on the brane
K+µν = −K−µν = −
1
2
κ2n+1
(
Sµν − 1
n− 1qµνS
)
. (16)
Substituting this equation (the ± is not relevant because of the Z2 symmetry) into Eq. (10), we
obtain the gravitational field equations on the (n− 1)-brane
(n)Gµν = −Λnqµν + 8πGnτµν + κ4n+1 πµν − Eµν , (17)
where
Gn =
n− 2
32π(n − 1)λκ
4
n+1 , (18)
Λn = κ
2
n+1
(
n− 2
n
Λn+1 +
n− 2
8(n− 1)κ
2
n+1 λ
2
)
, (19)
πµν = −1
4
τµατ
α
ν +
1
4(n− 1)ττµν +
1
8
qµνταβτ
αβ − 1
8(n − 1)qµντ
2 , (20)
and Eµν is the electric part of the (n+ 1)-dimensional Weyl tensor defined in Eq. (11). The above
equations reduce to the ones in [23] as n = 4, as expected. These equations (17) are not closed
since the bulk geometry can not be determined by using only these equations without solving the
Einstein equations in the bulk. The standard Einstein equations can be recovered by taking the
limit κn+1 → 0 while keeping Gn finite. Hereafter, we specialize to the RS II model with vanishing
cosmological constant on the brane, which gives
Λn+1 = −n(n− 1)
2κ2n+1ℓ
2
, λ =
2(n− 1)
κ2n+1ℓ
. (21)
This also implies
Gn+1
Gn
=
κ2n+1
8πGn
=
2ℓ
n− 2 . (22)
Now we consider a FRW universe with perfect fluid confined on the (n− 1)-brane. The perfect
fluid has the energy-momentum tensor
τµν = (ρ+ p)tµtν + pqµν , (23)
where tµ satisfies t
µtµ = −1. By using the expression of πµν , we find
πµν =
n− 2
8(n − 1)ρ [2(ρ+ p)tµtν + (ρ+ 2p)qµν ] . (24)
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The equations of motion on the brane then become
(n)Gµν = 8πGn
[
ρ+ p+
n− 2
n− 1
κ4n+1
32πGn
ρ(ρ+ p)
]
tµtν
+8πGn
[
p+
n− 2
n− 1
κ4n+1
64πGn
ρ(ρ+ 2p)
]
qµν − Eµν . (25)
For a locally conformal flat bulk spacetime (for example, a pure AdS spacetime), the bulk Weyl
tensor vanishes, so we can omit the Eµν term in that case. Choosing qµν to be n-dimensional FRW
metric (FRW universe can indeed be embedded in a pure AdS space-time), i.e.,
ds2 = qµνdx
µdxν = −dt2 + a(t)
2
1− kr2dr
2 + a(t)2r2dΩ2n−2
= h˜abdx
adxb + r˜2dΩ2n−2 , (26)
where r˜ = a(t)r, x0 = t, x1 = r, from (25) we obtain the Friedmann equations on the brane without
dark radiation term (Eµν = 0)
(n− 1)(n − 2)
(
H2 +
k
a2
)
= 16πGn
(
ρ+
n− 2
n− 1
κ4n+1
64πGn
ρ2
)
, (27)
− (n− 2)
(
H˙ − k
a2
)
= 8πGn
(
ρ+ p+
n− 2
n− 1
κ4n+1
32πGn
ρ(ρ+ p)
)
. (28)
The matter density ρ on the brane satisfies the continuity equation
ρ˙+ (n− 1)H(ρ+ p) = 0 . (29)
This equation and the Friedmann equations will be used in the next sections.
3 Unified first law and thermodynamics of apparent horizon
In this section we will give the explicit entropy expression of apparent horizon in a FRW universe
on the brane by using the method developed in [6]. Introducing the effective energy-momentum
tensor
e
τµν=
κ4n+1
8πGn
πµν . (30)
We can rewrite the gravitational field equations on the brane as
(n)Gµν = 8πGn
(
τµν+
e
τµν
)
, (31)
which is in the form of the standard Einstein field equations. Therefore the unified first law (1) is
applicable to the equation (31). It is easy to find
e
τ t
t = −n− 2
n− 1
κ4n+1
64πGn
ρ2 ,
e
τ r
r =
n− 2
n− 1
κ4n+1
64πGn
ρ(ρ+ 2p) . (32)
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The work density term has the form
W =
m
W +
e
W, (33)
with
m
W=
1
2
(ρ− p) , eW= −n− 2
n− 1
κ4n+1
64πGn
ρp . (34)
Note that quantities with over m are calculated through the matter energy-momentum tensor
τµν , while quantities with over e are calculated through the effective energy-momentum tensor
e
τµν . Namely,
m
W= −12τµν h˜µν , and
e
W= −12
e
τµν h˜
µν . Similarly, the energy supply vector can be
decomposed as
Ψ =
m
Ψ +
e
Ψ, (35)
with
m
Ψ= −1
2
(ρ+ p)Hr˜dt+
1
2
(ρ+ p)adr , (36)
e
Ψ= −n− 2
n− 1
κ4n+1
64πGn
ρ(ρ+ p)Hr˜dt+
n− 2
n− 1
κ4n+1
64πGn
ρ(ρ+ p)adr , (37)
where they are defined by
m
Ψ= τ∂r˜+
m
W ∂r˜ and
e
Ψ=
e
τ ∂r˜+
e
W ∂r˜, respectively. Using these quantities
and the Misner-Sharp energy in n dimensions inside the apparent horizon [25, 6]
E =
1
16πGn
(n− 2)Ωn−2r˜n−3A , (38)
and An−2 = Ωn−2r˜
n−2
A and Vn−2 = An−2r˜A/(n− 1) are the area and volume of the (n− 2)- sphere
with the apparent horizon radius r˜A = 1/
√
H2 + k/a2 of the FRW universe, respectively, we can
put the (00) component of equations of motion (31) into the form of the unified first law
dE = An−2Ψ+WdVn−2 . (39)
After projecting along a vector ξ = ∂t − (1 − 2ǫ)Hr∂r with ǫ = ˙˜rA/2Hr˜A, we get the first law of
thermodynamics of the apparent horizon [6],
〈dE, ξ〉 = κ
8πGn
〈dAn−2, ξ〉+ 〈WdVn−2, ξ〉 , (40)
where κ = −(1− ˙˜rA/(2Hr˜A))/r˜A is the surface gravity of the apparent horizon. The pure matter
energy-supply An−2
m
Ψ (after projecting along the apparent horizon) gives the heat flow δQ in the
Clausius relation δQ = TdS. By using the unified first law on the apparent horizon, we have
δQ ≡ 〈An−2
m
Ψ, ξ〉 = κ
8πGn
〈dAn−2, ξ〉 − 〈An−2
e
Ψ, ξ〉,
=
κ
8πGn
〈dAn−2, ξ〉+ n− 2
n− 1
κ4n+1
32πGn
(1− ǫ)ρ(ρ+ p)An−2Hr˜A . (41)
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From the Friedmann equations given in the previous section, one finds
ρ(ρ+ p) =
8(n − 1)ǫ
κ4n+1

 1
r˜2A
− 1√
r˜4A + ℓ
2r˜2A

 . (42)
Therefore, we arrive at
δQ = −ǫ(1− ǫ)
4πGn
(n− 2)An−2Hr˜A

 1√
r˜4A + ℓ
2r˜2A


= T 〈n− 2
4Gn
Ωn−2r˜
n−2
A√
r˜2A + ℓ
2
dr˜A, ξ〉 = T 〈dS, ξ〉 = TdS , (43)
where
S =
(n− 2)Ωn−2
4Gn
∫ r˜A
0
r˜n−2A√
r˜2A + ℓ
2
dr˜A . (44)
Integrating (44), we obtain the entropy expression associated with the apparent horizon
S =
An−2
4Gn
·
{
n− 2
n− 1
(
r˜A
ℓ
)
2F1
[
n− 1
2
,
1
2
,
n+ 1
2
,−
(
r˜A
ℓ
)2]}
, (45)
where 2F1[α, β, γ, z] is Gaussian hypergeometric function. When n = 4, we have
S =
A2
4G4
[√
1 +
ℓ2
r˜2A
− ℓ
2
r˜2A
arcsinh
(
r˜A
ℓ
)]
. (46)
Here some remarks are in order.
(i). Taking the limit κn+1 → 0 while keeping Gn finite, we have ℓ → 0. In this limit, the
n-dimensional Einstein gravity is recovered on the brane. This limit can also be understood as
the one of the large apparent horizon radius, namely, r˜A ≫ ℓ. In this limit, we see from (45) that
the entropy expression of the apparent horizon reduces to the well-known area formula of horizon
entropy in n dimensions. This is an expected result since the gravity is an Einstein one in this
limit, where the area formula holds. The entropy can also be expressed by
S =
An−2
4Gn
=
An−2
4Gn+1
(
2ℓ
n− 2
)
. (47)
This indicates that in the limit of large horizon radius, the entropy is proportional to the area of
the “cylinder” with length 2ℓ/(n−2) if we look at it from the viewpoint of the bulk. This coincides
with the argument in [24].
(ii). For small r˜A ≪ ℓ, we can expand the hypergeometric function, and reach
S =
An−2
4Gn
·
{
n− 2
n− 1
r˜A
ℓ
+O(r˜2A)
}
. (48)
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Using the relation (22), we have, up to the first order,
S =
An−2
4Gn
· n− 2
n− 1
r˜A
ℓ
=
1
4Gn+1
2An−2r˜A
n− 1 . (49)
Note that the volume of the (n−2)-dimensional sphere with horizon radius is Vn−2 = An−2r˜A/(n−
1), we find the entropy in the small apparent horizon limit
S =
2Vn−2
4Gn+1
. (50)
Namely, this entropy produces the (n + 1)-dimensional properties of theory, and obeys the area
formula of horizon in (n + 1) dimensions. The factor 2 is due to the Z2 symmetry of the bulk.
Therefore, in the small apparent horizon limit, the (n + 1)-dimensional effect will be remarkable.
The Vn−2 is just the volume of the “disk” inside the sphere which has area An−2. The areas of
these two “disks” are negligible under the large horizon radius limit [24], while they are important
in the small radius limit.
(iii). The unified first law can be rewritten to be
dE −An−2
e
Ψ −
e
W dVn−2 = An−2
m
Ψ +
m
W dVn−2 . (51)
By using the first, second Friedmann equations, (27) and (28), and the continuity equation (29),
we find
dE −An−2
e
Ψ −
e
W dVn−2 = d(ρVn−2) . (52)
Here ρVn−2 is nothing, but the total energy of matter inside the apparent horizon. Thus we can
rewrite the unified first law as
d
m
E= An−2
m
Ψ +
m
W dVn−2, (53)
where
m
E= ρVn−2. After projecting along the horizon using ξ, equation (53) gives us with
〈d mE, ξ〉 = 〈TdS, ξ〉 + 〈
m
W dVn−2, ξ〉. (54)
This relation is nothing but the first law of thermodynamics associated with the apparent hori-
zon [13], dE = TdS +WdVn−2, with identifying the inner energy E to be ρVn−2, temperature T
to κ/2π, entropy S to the form given in (45), and the work density W = (ρ− p)/2.
(iv). If the bulk Weyl tensor does not vanish, the thing becomes complicated. Without the
knowledge of bulk geometry, we can not obtain an entropy expression of apparent horizon in terms
of the horizon radius.
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4 Bulk geometry and apparent horizon extended into bulk
From the global point of view, the apparent horizon on the brane will extend into the bulk. And
then the entropy of the apparent horizon can be determined by the area formula in the bulk (here
we have assumed that the gravity is the Einstein one in the bulk). In this section, we will directly
calculate the area of the apparent horizon which extends into the bulk, and give the entropy
expression of apparent horizon from the bulk geometry. For this aim, we have to first find out the
bulk geometry. Assume that the metric in the bulk has the form
ds˜2 = −N2(t, z)dt2 + A
2(t, z)
1− kr2 dr
2 +A2(t, z)r2dΩ2n−2 + dz
2 , (55)
where A and N satisfy (the brane is supposed to locate at z = 0 with Z2 symmetry)
N(t, 0) = 1 , A(t, 0) = a(t) , N(t, z) = N(t,−z) , A(t, z) = A(t,−z) , (56)
Then we have the nonvanishing components of Einstein tensor
(n+1)G0z = (n− 1)
[
N ′
N
A˙
A
− A˙
′
A
]
, (57)
(n+1)G00 =
1
2
(n− 1)(n − 2)
[
A˙2
A2
−N2
(
A′2
A2
+
2
n− 2
A′′
A
)
+ k
N2
A2
]
, (58)
(n+1)Gzz =
1
2
(n− 1)(n − 2)
[
A′2
A2
+
2
n− 2
A′
A
N ′
N
− 1
N2
(
A˙2
A2
− 2
n− 2
A˙
A
N˙
N
+
2
n− 2
A¨
A
)
− k
A2
]
,
(59)
(n+1)Gij =
1
2
(n − 2)(n − 3)A2γij
[
A′2
A2
+
2
n− 3
A′
A
N ′
N
+
2
n− 3
A′′
A
+
2
(n− 2)(n − 3)
N ′′
N
+
1
N2
(
− A˙
2
A2
+
2
n− 3
N˙
N
A˙
A
− 2
n− 3
A¨
A
)
− k
A2
]
, (60)
where prime denotes the derivative with respect to z and overdot stands for the derivative with
respect to t. In the bulk, the equations of motion is just the Einstein equations with a cosmological
constant
(n+1)Gµν = −κ2n+1Λn+1gµν . (61)
From (n+1)G0z = 0, we obtain
N ′
N
A˙
A
=
A˙′
A
. (62)
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Defining
F (t, z) = An−2
(
A′2 − A˙
2
N2
− k
)
, (63)
we have
F ′ = −(n− 2)A
′An−1
N2
[
A˙2
A2
−N2
(
A′2
A2
+
2
n− 2
A′′
A
)
+ k
N2
A2
]
, (64)
F˙ = (n− 2)A˙An−1
[
A′2
A2
+
2
n− 2
A′
A
N ′
N
− 1
N2
(
A˙2
A2
− 2
n− 2
A˙
A
N˙
N
+
2
n− 2
A¨
A
)
− k
A2
]
. (65)
In terms of F , we can express the (00) and (zz) components of equations of motion as
F ′ = −2A
′An−1
n− 1 κ
2
n+1Λn+1 , F˙ =
2A˙An−1
n− 1 κ
2
n+1Λn+1 . (66)
Integrating the first one in (66), we get
F +
2κ2n+1Λn+1
n(n− 1) A
n + C = 0 , (67)
where C is a function of t. Integrating the second equation leads to the conclusion that C is a
constant. Thus we have (
A˙
NA
)2
+
k
A2
=
2κ2n+1Λn+1
n(n− 1) +
(
A′
A
)2
+
C
An
. (68)
We can calculate the Weyl tensor for the metric (55) and find that the nonvanishing components
of Weyl tensor have the form
Cµναβ ∼ 1
N2
(
A˙
A
)2
+
k
A2
−
(
A′
A
)2
+
A′′
A
− N
′′
N
+
A′
A
N ′
N
+
1
N2
(
A˙
A
N˙
N
− A¨
A
)
. (69)
If we impose the constraint
A′′
A
=
N ′′
N
=
A′
A
N ′
N
+
1
N2
(
A˙
A
N˙
N
− A¨
A
)
= −2κ
2
n+1Λn+1
n(n− 1) =
1
ℓ2
, (70)
we find that the condition with vanishing Weyl tensor exactly leads to C = 0 in equation (68).
Substituting this constraint into the Einstein equations, we can see that the second-order differential
equation for the Einstein equations reduce to a first-order one in the case, which is just the equation
(68) with vanishing C. Therefore to solve the equation (68) becomes simple when the Weyl tensor
vanishes. Otherwise, one has to solve a second-order differential equation (Non-linear term will
appear in this second-order differential equation if n > 4.).
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Considering the Israel junction condition on the brane, one can give the equations of motion on
the brane (Friedmann equation) from (68). The equation (n+1)G0z = 0 also implies that we have
A˙
N
= α(t) . (71)
Substituting this equation into the (00) equation or (68) with vanishing C, we have
α2 + k − (A′)2 − 2Λn+1
n(n− 1)A
2 = 0 . (72)
Since A˙(t, 0) = a˙(t) and N(t, 0) = 1, we have α(t) = a˙(t). The equation (72) has the solution
A(t, z) = a(t)
[
−1
2
ℓ2
r˜2A
+
(
1 +
1
2
ℓ2
r˜2A
)
cosh
(
2z
ℓ
)
−
√
1 +
ℓ2
r˜2A
sinh
(
2|z|
ℓ
)] 12
. (73)
One can check that this solution satisfies the constraint (70). For n = 4, this solution is just the
one found in [19] with vanishing C.
The apparent horizon for fixed z has the form
r˜A|z =
(
1
N2
A˙2
A2
+
k
A2
)− 1
2
=
(
a˙2
A2
+
k
A2
)− 1
2
, (74)
namely, we have
r˜A|z = r˜Af(z, r˜A), (75)
with r˜A = r˜A|0 and
f(z, r˜A) =
[
−1
2
ℓ2
r˜2A
+
(
1 +
1
2
ℓ2
r˜2A
)
cosh
(
2z
ℓ
)
−
√
1 +
ℓ2
r˜2A
sinh
(
2|z|
ℓ
)] 12
. (76)
We show this function (the red line for ℓ = 1, r˜A = 0.5, green one for ℓ = 1, r˜A = 2, and blue one
for ℓ = 1, r˜A = 3 ) in Fig. 1. For any fixed r˜A, we find that this function has a zero at z = zmax.
The value zmax is determined by solving the equation f(z) = 0, which gives
zmax(r˜A) = ℓarcsinh
(
r˜A
ℓ
)
. (77)
This indicates that the apparent horizon extends into the bulk with a finite distance, zmax.
Once the bulk geometry is known, we can calculate the area of the apparent horizon using the
bulk geometry. Let us first consider the case with n = 4. Considering the Z2 symmetry, we have
the horizon area
A = 2× 4πr˜2A
∫ zmax
0
f2(z, r˜A)dz , (78)
12
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Figure 1: The function f(z) has a zero at zmax. The red
line is for the case with ℓ = 1, r˜A = 0.5, the green one
for ℓ = 1, r˜A = 2, and the blue one for ℓ = 1, r˜A = 3,
respectively.
Carrying out the integration, we arrive at
A = 4πr˜2Aℓ
[√
1 +
ℓ2
r˜2A
− ℓ
2
r˜2A
arcsinh
(
r˜A
ℓ
)]
. (79)
According to the 5-dimensional area formula, we obtain the entropy associated with this 5-dimensional
apparent horizon
S =
A2
4G5
ℓ
[√
1 +
ℓ2
r˜2A
− ℓ
2
r˜2A
arcsinh
(
r˜A
ℓ
)]
. (80)
Using the relation (22), we can rewrite this entropy as
S =
A2
4G4
[√
1 +
ℓ2
r˜2A
− ℓ
2
r˜2A
arcsinh
(
r˜A
ℓ
)]
. (81)
This is exactly the form (46) we have given in the previous section by using the method developed
in [6].
For the case with an arbitrary n (n > 4), the area of the apparent horizon in the (n + 1)-
dimensional bulk can be expressed as
A = 2× Ωn−2r˜n−2A
∫ zmax(r˜A)
0
fn−2(z, r˜A)dz . (82)
After some calculations, one can obtain
A = 2
n− 1Ωn−2r˜
n−1
A 2F1
[
n− 1
2
,
1
2
,
n+ 1
2
,−
(
r˜A
ℓ
)2]
. (83)
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By using the (n+ 1)-dimensional area formula of horizon entropy, we have
S =
A
4Gn+1
=
An−2
4Gn+1
2ℓ
n− 1
(
r˜A
ℓ
)
2F1
[
n− 1
2
,
1
2
,
n+ 1
2
,−
(
r˜A
ℓ
)2]
. (84)
Using the relation (22), once again, we arrive at
S =
An−2
4Gn
{
n− 2
n− 1
(
r˜A
ℓ
)
2F1
[
n− 1
2
,
1
2
,
n+ 1
2
,−
(
r˜A
ℓ
)2]}
. (85)
This is completely the same as the entropy expression (45) associated with the apparent horizon
on the brane.
Clearly, when the bulk Weyl tensor is nonvanished, one has to solve a nonlinear second-order
differential equation for n > 4, in order to give the bulk geometry. Solving this nonlinear equation
is not an easy matter, but it is worth trying. Once the bulk geometry is given, one can obtain the
entropy of apparent horizon by using the area formula in the bulk.
5 Conclusion and discussion
In this paper we have discussed thermodynamics of the apparent horizon of an n-dimensional FRW
universe in the RSII brane world scenario. The gravity theory on the brane is not the Einstein one
due to the existence of extra dimension, therefore the well-known area formula for horizon entropy
is not applicable on the brane. By using the method we have developed in [6], we have obtained an
explicit entropy expression of the apparent horizon in the n-dimensional FRW universe embedded in
an (n+1)-dimensional pure AdS space-time. In this model, the effective energy-momentum tensor
coming from the non-Einstein part is just the πµν in the effective field equations on the brane. From
this effective energy-momentum tensor, we define an effective energy-supply. By using the unified
first law, together with the Clausius relation δQ = 〈A mΨ, ξ〉 = κ8piG〈dA, ξ〉 − 〈A
e
Ψ, ξ〉 = TdS (This
also suggests that the associated thermodynamics with the apparent horizon is an equilibrium one),
we have obtained an analytic expression (45) of the entropy for the apparent horizon. The entropy
expression has expected properties. In the limit of large horizon radius, this entropy reduces to the
n-dimensional area formula, where the Einstein gravity on the brane is recovered. In this case, this
entropy can be interpreted as the area of the “cylinder” as described in [24]. On the other hand,
in the limit of small horizon radius, the entropy reduces to (n + 1)-dimensional area formula, as
respected, and can be interpreted as the area of two “disks”, which is negligible in the large radius
limit. In addition, we have shown that the Friedmann equation on the brane can be rewritten as a
universal form like the first law, dE = TdS +WdV .
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Our entropy expression for the apparent horizon in FRW universe is useful in the study of
thermodynamics of black holes on the brane since we expect that the entropy associated with
apparent horizon and black hole horizon has a same expression.
We have also discussed the bulk geometry for an arbitrary dimension n ≥ 4, and given a solution
with vanishing Weyl tensor. We have found that the apparent horizon extends into the bulk with
a finite distance which are labelled by zmax(r˜A) = ℓarcsinh (r˜A/ℓ). Using the bulk geometry and
the area formula in the bulk, we have calculated the entropy associated with the apparent horizon
extended into the bulk. We have found that both methods give the completely same expression
for the apparent horizon entropy. It is of great interest to extend our method to other brane world
scenarios such as DGP model, models with a bulk Gauss-Bonnet term, etc.
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